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The singular value decomposition (SVD) method is presented as a potential tool for analyzing
gamma camera images. Mathematically image analysis is a study of matrixes as the standard
scintigram is a digitized matrix presentation of the recorded photon fluence from radioactivity of
the object. Each matrix element (pixel) consists of a number, which equals the detected counts of
the object position. The analysis of images can be reduced to the analysis of the singular values of
the matrix decomposition. In the present study the clinical usefulness of SVD was tested by
analyzing two different kinds of scintigrams: brain images by single photon emission tomography
(SPET), and liver and spleen planar images. It is concluded that SVD can be applied to the analysis
of gamma camera images, and that it provides an objective method for interpretation of clinically
relevant information contained in the images. In image filtering, SVD provides results comparable
to conventional filtering. In addition, the study of singular values can be used for semiquantitation
of radionuclide images as exemplified by brain SPET studies and liver-spleen planar studies.
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INTRODUCTION

THE 1SOTOPE IMAGE is a digitized presentation of the photon
fluence impinging on the crystal from the radioactivity
distribution of the object. The collected information con-
sists of a large data matrix (usually 64 x 64 or 128 x 128)
in which the signal and noise can be strongly connected to
each other. Computing tools for datareduction (or filtering)
are needed to offer the data in a more lucid form. Unitary
transforms are used for the analysis of data matrixes.'™ In
nuclear medicine imaging the objective is to detect organ
uptake vs. blood or tissue background, or simply to
identify uptake in the region of interest (ROI).

The analogy between the traditional frequency domain
filter techniques and SVD spatial domain pseudoinverse
filtering in the analysis of scintigrams has been shown by
Raff et al.> Different forms of factor-analytical methods
have been reported also for scintigram filtering.>® In the
analysis of dynamic gamma camera studies there are also
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various possibilities for the application of the principal
components.* ™

In the present study the SVD method is presented as a
potential tool for analysis and semiquantification of
scintigrams. The clinical usefulness of SVD is demon-
strated by the analysis of two different kinds of isotopic
images: brain transversal single photon emission
tomography (SPET) slices and planar spleen-liver region
images.

MATERIALS AND METHODS

The transversal slices of brain perfusion SPET studies
using Tc-99m-hexa-methyl-propyleneamine oxime (HM-
PAO) were analyzed in seven subjects without apparent
abnormalities and in four patients with the following
diseases: herpes simplex virus encephalitis (HSVE), par-
tial temporal epilepsy, dementia, and Sturge-Weber syn-
drome. As temporal lobe perfusion has been reported to
vary with the phase of the HSVE disease' the SVD
analysis was performed at various time intervals. Two
clinically relevant SPET slices (each of 14 mm width)
were included in each analysis.

A total of 86 static planar images (43 anterior and
posterior) of the spleen and liver region in patients with
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Fig. 1 Transversal slices of a normal SPET
brain study reconstructed by varying numbers

s6

idiopathic thrombocytopenic purpura (ITP) were analyzed
after intravenous injection of ''In-labelled platelets.
Subsequent to posterior dynamic imaging anterior and
posterior static imaging was performed at one hour as
described previously.'®

In both types of images the 64 x 64 matrix was divided
into two matrices of 64 x 32, i.e. one including the spleen
region and the other the liver region, and in brain studies
one including the left and the other the right hemisphere
of the brain. Therefore the analysis of images can be done
by examining the singular vectors and corresponding s-
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of singular values in decomposition (s1—-s7).

values (see: Appendix 1).
RESULTS

Brain studies

In Figure 1 an original transversal slice and slices recon-
structed with varying numbers of singular vectors of
decomposition of a brain SPET study are presented.
Figure 2 shows the side-to-side difference in temporal
lobe radioactivity in a patient (Sturge-Weber syndrome)
with alarge hypoperfusion area in the right temporal lobe.
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Fig. 2 Anexample of SVD analysis of SPET brain study in a patient with Sturge-Weber syndrome:
alarge hypoperfusion area in the right cerebral hemisphere can be seen. From upper left corner: contour
of transversal slice, right (dex) vs. left (sin) singular values of corresponding matrixes, and the same
expressed in the ratio of Frobenius norm (F-norm; vertical axis) by different index (i; horizontal axis)
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Fig.3 SVD analysis of SPET brain study in a patient with epilepsy. A strong uptake of tracer in the
right temporal lobe can be detected yielding a right-to-left ratio of 1.07 in F-norm.

The ratios of the singular values in the corresponding
matrixes (64 X 32) are shown: the total right-to-left ratio
in F-norm yields to the value 0.91. The same result can be
observed whether the calculation is done either in increas-
ing or decreasing order, i.e. the matrixes were compared
so that the k first s-vectors (k takes on the values from 1 to
32) were taken into account and then the k last ones (from
32 to 1). The calculation shows that the difference is not
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only in “signal level”, but also the “normal background”
is significantly lower at the right side of the slice corre-
sponding to a large change in brain perfusion.

The brain slice from a patient with an epileptic focus in
the right temporal lobe is shown in Figure 3. The right-to-
left ratio is 1.07 for the whole matrixes, but as can be seen
in the lower right corner of the illustration the mean blood
background yields to the ratio 1. There is a difference only
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Fig.4 SVD analysis of SPET brain study in a patient with acute phase HSVE (four upper figures) and

during follow-up (four lower figures).

in the main singular values for the composition matrixes.
Examples of side-to-side differences in the various phases
of HSVE are shown in Figure 4. In the acute phase of the
disease a strong hyperactive focus can be detected in the
right temporal lobe yielding to a right-to-left ratio of 1.30.
After three months the focus has disappeared and instead
there is a hypoperfusion area in the region where the
hyperactive focus was located. In the temporal lobes the
right-to-left ratio is 0.81.
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Side-to-side differences were also compared by “nor-
malizing” the left and right matrixes by means of the
whole slice matrixes. The F-norm of the S-matrix of the
whole slice (64 x 64) formed with s-values with C,> 10
were divided by the F-norm of S-matrixes of the right and
leftsides (64 x 32 each) formed with s-values with C; < 10.
Theresults are presented in Table 1. Innormal subjects the
mean side-to-side difference was 3.6 £ 0.6%, and in pa-
tients with different diseases it varied form 6 to 30%.
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Fig.5 SVDfiltering of a activity distribution in the spleen-liver region (anterior view, 64 X 64 matrix,
3D-mesh presentation) one hour after injection of 3.7 MBq of In-111-labeled platelets. The image has
been reconstructed by one, two, three, and four singular vectors.

Table1 Side-to-side per cent differences in SPET brain
slices in 7 normal subjects and in four patients with
different diseases (each example consists of two slices,
mean * error is presented).

right (%) left (%) difference (%)
Normal 13.9+0.7 14.0£0.6 3.610.6
Dementia 129+04 11.2+£03 145x04
Epilepsy 14.0%+1.3 149+1.4 6.6+ 0.1
Sturge-Weber 13.7£0.3 11.7+£0.1 2012
Acute HSVE* 157208 21.1x1.1 292%0.6
Late HSVE* 11.9+£0.1 11.0£0.2 7914

*HSVE = herpes simplex virus encephalitis

Scintigrams of spleen-liver region
Anexample of aSVD filtered image is presented in Figure
5. The anterior image of the spleen-liver region recon-
structed with 4 singular vectors forms a good approxima-
tion of the original image, but the background is reduced.
The basis of the decomposition is shown in Figure 6.
Vectors starting from 5 represent the noise rather than the
signal in the image. The corresponding k for condition
index (see: Appendix 1) C,< 10is 5 and for C;,> 30 is 22.
The first 5 singular vectors are independent and thus can
be considered as the basis of the signal, whereas the
singular vectors from 22 to 64 essentially represent noise.
The corresponding E,,=23% indicates that the average
noise (background) is 23% of the average spleen and liver
uptake as calculated by means of matrix separation in F-
norm.

The spleen-liver ratio calculated with singular values
for the spleen and liver region matrixes was found to
correlate with the values calculated by the conventional
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region of interest division method (r = 0.85, p < 0.001).
The correlation is presented in Figure 7. Two 64 x 32
matrixes were analyzed in both anterior and posterior
projections in all 43 cases, giving two sets of matrix
decomposition: one for the spleen and one for the liver.
The ratio was calculated in F-norm using the singular
values which fulfil the requirement C, < 10. The values
are geometrical means of anterior and posterior values.'®

DISCUSSION

The singular value decomposition has a wide variety of
applications from solving linear least-square problems to
data compressipn and SPET reconstruction.!”2! The sig-
nal to noise ratio can be corrected by forming the image
with those singular vectors which have the greatest impact
in the decomposition used.*>” Image filtering is com-
monly performed in the frequency domain.'?’ In conven-
tional filtering the aim is to fix the frequency above a level
where the signal can be considered to represent the back-
ground, while in SVD it is possible to decide which of the
s-values belong to the object signal. There is therefore a
frequency gap in both methods and it cannot be deter-
mined exactly whether these frequencies belong to the
object signal or to the background. The optimum number
of singular values in decomposition of brain SPET images
seems to be from four to five as the various parts of the
brain are well represented in these images. Optimal infor-
mation on the spleen-liver region (Fig. 5) is obtained in
reconstruction with four s-values. These results are in
agreement with the results from phantom studies.’%”
Noteworthy, the appropriate number of s-values depends
on the matrix sizes and detected counts used.’ For objec-
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Fig. 6 The basis of the decomposition of the spleen-liver image shown in Fig. 5. As can be seen the
basis vectors starting from six (in both directions; u and v, odd numbered vectors printed with continuous
lines) do not seem to improve the information of the image as these vectors represent essentially

background.

tive background correction in dynamic scintigraphic stud-
ies more comprehensive factoring methods will be
needed.”?

In nuclear medicine identification of tracer uptake is
usually achieved by comparing activities in regions of
interest (ROIs), but there may be problems in determining
ROIs when the signal to noise ratio is low. The advantage
of the SVD analysis is that it is fully user independent, i.e.
ROIs chosen or background selected do not cause arte-
facts. In addition, the SVD analysis gives new informa-
tion on the images studied. It has been observed that the
level of platelet autoantibodies in the blood influences
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platelet dynamics in ITP patients.'®? In this study E, and
C, were found to be associated with the level of circulat-
ing antibodies. The patients, all studied with autologous
platelets, were divided into three subgroups as described
previously'®?: no (= 0), small (= 1), and large (= 2) con-
centration of antibodies in the blood. E, and E,, were
significantly higher (in t-test) in patient group 0 than in 1
or2(E,[%]:0vs. 1,38t032,p=0.008,0vs.2,381t033,
p=0.014; E\; [%]: 0 vs. 1, 23 to 20, p = 0.04) indicating
that the blood background is higher in patients with no
antibodies than in patients with antibodies. Also the
quotients C, (see: Appendix 1) indicate that the blood
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Fig. 7 The calculated spleen-liver ratios based on the main
singular values of the corresponding matrixes (S) correlated
with the conventional region-of-interest division method (R).

background and the signal are somewhat dependent on
each other in patients with no antibodies compared to
cases with antibodies.

The spleen-liver ratio has clinical relevance in ITP and
several other diseases but the methods used for the deter-
mination of this ratio have varied greatly.'*-2 The method
used here is a mathematical one and does not take into
account scatter or attenuation of radiation in the images.
The results shown in Table 1 are an attempt to normalize
a single brain study so that it would not be necessary to
compare each case with normal data in order to decide
whether there is hypoperfusion or hyperperfusion. The
idea is to compare the main singular values for the right
and left matrixes to the “normal background” in each slice
by calculating the separation of those matrixes which
could explain this phenomenon. However, in a very
abnormal situation (side-to-side difference > 30%) the
method does not seem to be suitable; the higher the main
s-value the smaller the lowest s-value. Thus, a very strong
focus will give a too low “background” and thus mis-
estimate the real difference.

The examples from nuclear medicine studies presented
in this paper show that SVD can be used for filtering.
However, any kind of filtering of original data will destroy
some information: the cut-off frequency in frequency
filtering and the number of significant components in
decomposition are similarly non-unique. To provide the
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physiological meaning of the s-components can be diffi-
cult, but a clinical explanation for the “factors” can be
provided as exemplified in the present study. It is con-
cluded that SVD is a potentially clinically useful math-
ematical tool for the analysis and semiquantitation of
scintigrams as it can be considered an objective method
for the interpretation of data contained in the scintigram.
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APPENDIX 1

Any n X mmatrix A of rank r (r < m < n) can be expressed in the
form®:

A =USV" (1)

where U is an n X m matrix with columns consisting of m
orthogonal unit eigenvectors associated with the m largest
eigenvalues of AAT, V is anm X m orthogonal matrix consisting
of the orthogonal unit eigenvectors of the m X mmatrix A”A, and
S adiagonal m x m matrix, whose elements (s;) are non-negative
and in decreasing order. The elements of S are the singular
values of matrix A, i.e. they are the square roots of eigenvalues
of matrix A"A. The presentation of matrix A in the form (1) is
called the Singular Value Decomposition (SVD). An element a;
of A can be expressed as follows:

,
a; =ZS UiV ji 2)
=1

The algorithm for SVD was described by Dongarra et al.”’

The singular vectors U form an orthonormal basis for the
matrix A. If all the singular vectors are used as the basis of matrix
A (i.e.image) the decomposition will give the exact presentation
of the original matrix A. If only & first is used, the image will be
an approximation of the original one. The elements of S indicate
the significance of vectors u, in the decomposition. The condi-
tion index (C;) of each singular value (s-value) is the quotient
between the highest and the current s-value®;

C, =s/s, 3

If the quotient is low (< 10), then no dependency between
corresponding vectors exists but if this quotient is high (> 30)
then there is a serious dependency between the parameters.*!”13
Another possibility to estimate the significance of vectors u; in
the decomposition is to calculate the separation between the
original and the matrix formed by using only the first k s-vectors
in decomposition.” The separation can be called Error Level E,:

|A-A"lF
E,=100% X ———~ =
[Alr

Z - X 100% 4)
5

i=1

where the approximate matrix A’ is formed by using only the
first k s-values (¥ refers to Frobenius norm: F-norm). The
smaller the E;, the better the first £ singular vectors w, represents
the original image. Thus, C, gives the answer to how many
eigenvectors form the signal, which is independent of the other
components of the matrix. E, can be considered as a measure of
the noise, which is related to the blood background of the object.
In clinically comparable images the statistical (white) noise as
well as noise due to the scatter can be considered equal. There-
fore, possible significant changes in the background level must
be related to the different background activities of surrounding
tissues.
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