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INTRODUCTION

SPECTRAL ANALYSIS is based on the formulation of a con-
strained linear optimization problem, and is a develop-
ment of an approach originally applied by Tobler and
Engel1 to the analysis of data obtained in vitro.

Spectral analysis was first introduced by Cunningham
and Jones2 in the field of nuclear medicine as a technique
for use with dynamic positron emission tomography (PET)
studies. This technique is based on the actual kinetic com-
ponents which can be identified within a given datum set,
rather than being restricted, for example, to a predefined
compartment model, and allows for the distinction be-
tween transit components associated with tracer in the
vasculature, and reversible and irreversible components
involved in the tissue without a prior assumptions regard-
ing the number of components.2 This method provides a

spectrum of the kinetic components which are involved
in the regional uptake and partitioning of tracer from
the blood to the tissue.2 This technique allows the tissue
impulse response function to be derived with minimal
modeling assumptions.2

In this review, we describe the principle and clinical
applications of spectral analysis, based on our experience.

PRINCIPLE OF SPECTRAL ANALYSIS

In spectral analysis, the radioactivity in the tissue at a
given time t [C(t)] is modeled as a convolution of the blood
input function [Ca(t)] with a sum of k exponential terms as

C(t) =      αi ·     Ca(τ)e−βi(t − τ)dτ, (1)

where αi and βi (β1 < β2 < . . . < βk) are assumed to be
positive or zero. The upper limit, k, represents the maxi-
mum number of terms to be included in the model and this
is set to a large number. When Ca(t) is replaced by Dirac’s
delta function in equation (1), the tissue impulse response
function [IRF(t)] can be given by

IRF(t) =      αi · e−βi t. (2)
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Calculation of spectrum
When the β values are given beforehand, the convolution
integrals in equation (1) can be calculated using the
measured Ca(t). Then, the discrete form of equation (1)
can be expressed by the following linear algebraic equa-
tion:

C(t1) = α1 · f1(β1) + α2 · f1(β2) + . . . + αk · f1(βk)
C(t2) = α1 · f2(β1) + α2 · f2(β2) + . . . + αk · f2(βk) (3)

. . . ,
C(tm) = α1 · fm(β1) + α2 · fm(β2) + . . . + αk · fm(βk)

where m denotes the time index and fi(βj) is given by

fi(βj) =       Ca(τ)e−βj(ti  − τ)dτ. (4)

Equation (3) can be given in a matrix form as
→ → →
C = A · B, (5)

where

f1(β1)  f1(β2) . . . f1(βk) α1 C(t1)
→
A =

f2(β1)  f2(β2) →. . . f2(βk)  
, B =

→α2  
and C =

C(t2)
. . .

fm(β1)  fm(β2) . . . fm(βk) αk C(tm)

The α value corresponding to each β can be easily
obtained from equation (5) using the non-negative least
squares method.3 We call these α values “spectrum” from
an analogy of time-frequency analysis.

Relationship between tissue impulse response function
and spectrum
In the following, we show the relationship between IRF(t)
and the spectrum obtained by spectral analysis for various
compartment models.

The first example is a two-compartment model, which
is illustrated in Figure 1 (a). In Figure 1 (a), K1 and k2

denote the unidirectional clearance rate of tracer from
blood to tissue and the rate constant for the transfer of
tracer from tissue to blood, respectively. In this case,
IRF(t) is given by

IRF(t) = α1·e−β1t, (6)

where α1 and β1 are equal to K1 and k2, respectively. This
is illustrated in Figure 1 (b). When using spectral analysis,
the spectrum shown in Figure 1 (c) is obtained. In this
case, a peak with a height equal to α1 or K1 is observed at
β equal to β1 or k2. When there is no transfer of the tracer
from tissue to blood, IRF(t) becomes

IRF(t) = α1.  (7)

In this case, the location of the peak in the spectrum moves
to β equal to zero.

The second example is a three-compartment model,
which is illustrated in Figure 2 (a). In this case, IRF(t) is
given by
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IRF(t) = α1·e−β1t + α2·e−β2t,  (8)

which is illustrated in Figure 2 (b). The spectrum is
illustrated in Figure 2 (c). As shown in Figure 2 (c), two
peaks with heights equal to α1 and α2 are observed at β
equal to β1 and β2, respectively. When there is no transfer
of the tracer from compartment 2 to compartment 1, that
is, k4 = 0, IRF(t) becomes

IRF(t) = α1 + α2·e−β2t. (9)

In this case, the peak located at β = β1 moves to β = 0.
Finally, we consider (N + 1)-compartment model as a

general case [Fig. 3 (a)]. In this case, IRF(t) is given by

IRF(t) = α1·e−β1t + α2·e−β2t + . . .  + αN·e−βNt, (10)

which is illustrated in Figure 3 (b), and the spectrum
shown in Figure 3 (c) is obtained. As shown in Figure 3
(c), N peaks with heights equal to α1, α2, . . . and αN are

Fig. 1 Illustration of the relationship between the tissue im-
pulse response function and the spectrum obtained by spectral
analysis for two-compartment model. Figures 1 (a), 1 (b), and 1
(c) illustrate two-compartment model, the tissue impulse re-
sponse function, and the spectrum obtained by spectral analysis,
respectively.

Fig. 2 Illustration of the relationship between the tissue im-
pulse response function and the spectrum obtained by spectral
analysis for three-compartment model. Figures 2 (a), 2 (b), and
2 (c) illustrate three-compartment model, the tissue impulse
response function, and the spectrum obtained by spectral analy-
sis, respectively.

. . .

. . .

. . .

. . .

∫
   ti

0









.



Review 429Vol. 17, No. 6, 2003

Derivation of quantitative parameters
When there is no intravascular component, the sum of the
heights of the peaks appearing in the spectrum, that is, the
α values, is equal to K1. Therefore, K1 is given by

K1 = α1 + α2 + . . . + αk. (13)

The mean transit time (MTT) of tracer in the tissue is
given by

MTT =
      IRF(t)dt

. (14)

    IRF(0)

Substituting equation (2) into equation (14) yields

MTT =
α1/β1 + α2/β2 + . . . + αk/βk 

. (15)α1 + α2 + . . . + αk

Computer simulation
We performed computer simulations to validate the quan-
titative parameters obtained by spectral analysis in com-
parison with those obtained by compartment analysis.

As an illustrative example, we used the three-compart-
ment fluorodeoxyglucose (FDG) model4,5 in which the
dephosphorylation of FDG-6-phosphate to FDG and the
amount of radioactivity attributable to the vascular com-
partment were assumed to be negligible for the sake of
simplicity. This is one of the most popular and established
kinetic models. With this model, the amount of radioac-
tivity measured during the ith scan (Mi) can be expressed
by

Mi =
       M(t)dt  

, (16)
Ti − Ti−1

where Ti−1 and Ti are the start and end times of the ith scan,
respectively, and M(t) is given by4,5

M(t)

=
K1 · k3

Ca(τ)dτ +
K1 · k2

Ca(τ)e−(k2+k3)(t−τ)dτ.
k2 + k3 k2 + k3

(17)

K1, k2 and k3 in the above equation represent the unidirec-
tional clearance of FDG from the blood to the brain, the
fractional clearance of FDG from the brain to the blood
and the phosphorylation coefficient of FDG to FDG-6-
phosphate, respectively, and Ca(t) is the arterial plasma
FDG concentration at time t.

‘Noiseless’ brain time-activity data were generated
from a set of K1, k2 and k3, and the plasma time-activity
data from PET studies,6,7 using equation (17). The Mi

values given by equation (16) were generated over a set of
intervals using the following scanning sequence: six 30-
sec, seven 1-min, five 2-min and ten 5-min scans.6,7

As previously described, IRF(t) in the 3-compartment
model with 3 parameters is given by equation (9). α1, α2

and β2 in equation (9) can be expressed using K1, k2 and

observed at β equal to β1, β2, . . . and βN, respectively.
When there is no transfer of the tracer from compartment
N to compartment N-1, that is, k2N = 0, IRF(t) is given by

IRF(t) = α1 + α2·e−β2t + . . . + αN·e−βNt. (11)

In this case, the peak located at β = β1 moves to β = 0.
When there is an intravascular component in the (N +

1)-compartment model, IRF(t) is given by

IRF(t) = α1 ·e−β1t + α2·e−β2t + . . .

+ αN·e−βNt + αmax·e−βmaxt. (12)

In this case, the spectrum shown in Figure 4 (c) is
obtained. As illustrated in Figure 4 (c), another peak
usually appears at the largest β.

Fig. 3 Illustration of the relationship between the tissue im-
pulse response function and the spectrum obtained by spectral
analysis for (N + 1)-compartment model. Figures 3 (a), 3 (b), and
3 (c) illustrate (N + 1)-compartment model, the tissue impulse
response function, and the spectrum obtained by spectral analy-
sis, respectively.

Fig. 4 Illustration of the spectrum obtained by spectral analy-
sis for the (N + 1)-compartment model in which there is an
intravascular component. Figures 4 (a), 4 (b), and 4 (c) illustrate
(N + 1)-compartment model, the tissue impulse response func-
tion, and the spectrum obtained by spectral analysis, respec-
tively.
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k3 by the following equations: α1 = K1·k3/(k2 + k3) = K, α2

= K1·k2/(k2 + k3) and β2 = k2 + k3. Figure 5 shows an
example of the results of spectral analysis when applied to
this model. Figure 5 (a) shows the time-activity curves of

FDG in the arterial blood (open circles) and brain tissue
(closed circles), respectively, while Figure 5 (b) shows
the measured time-activity curve in the brain tissue (open
circles) and that estimated from the tissue impulse re-

Fig. 5 Example of spectral analysis applied to 3-compartment model with 3 parameters. The open and
closed circles in Figure 5 (a) show the time-activity curves of fluorodeoxyglucose (FDG) in the arterial
blood and brain tissue, respectively. The open circles and solid line in Figure 5 (b) show the measured
time-activity curve in the brain tissue and that estimated from the tissue impulse response function
obtained by spectral analysis, respectively. Figure 5 (c) is spectral analysis of tissue response, while
Figure 5 (d) is the corresponding tissue impulse response function.

Fig. 6 Relationship between the K1 values obtained by spectral
analysis and the true values.

Fig. 7 Relationship between the K values obtained by spectral
analysis and the true values.
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sponse function obtained by spectral analysis (solid line).
Figures 5 (c) and 5 (d) show the spectrum and the tissue
impulse response function obtained by spectral analysis,
respectively. As expected, there were two peaks in the
spectrum, with one peak located at β = 0 [Fig. 5 (c)]. As
previously described, the sum of the heights of the two
peaks corresponds to K1, and the height of the peak
located at β = 0 is equal to α1, that is, K. Figure 6 shows
the relationship between the K1 values thus obtained by
spectral analysis and the true values, while Figure 7 shows
the case of the K value. As shown in Figures 6 and 7, there
were excellent agreements between the parameters esti-
mated using spectral analysis and the true values, indicat-
ing that the quantitative parameters can also be obtained
by spectral analysis.

Figure 8 shows a typical result of spectral analysis
when applied to 3-compartment model with 4 parameters,
in which the dephosphorylation of FDG-6-phosphate to
FDG (k4) exists. It should be noted that there is no peak at
β = 0 in the spectrum [Fig. 8 (c)] unlike the 3-compartment
model with 3 parameters [Fig. 5 (c)], and IRF(t) decreases
with time [Fig. 8 (d)].

CLINICAL APPLICATION

Spectral analysis can be applied to various dynamic data
acquired by planar scintigraphy, single photon emission
computed tomography (SPECT) or PET. In the following,
we show some clinical applications of spectral analysis
using our data.

The first example is the application to hepatobiliary
dynamic scintigraphy with 99mTc-N-pyridoxyl-5-
methyltryptophan (PMT).8,9 In this study, we applied
spectral analysis to hepatobiliary dynamic scintigraphy
with PMT in 82 patients with a wide range of liver
function, and compared it with compartment analysis and
deconvolution analysis. The rate of uptake of PMT by the
liver from the blood (K1) obtained by spectral analysis (y,
min−1) agreed well with the K1 value obtained using
compartment analysis (x, min−1) (y = 1.079x + 0.000, r =
0.993, SEE = 0.042 min−1). The mean residence time
(MRT) of PMT in the liver obtained by spectral analysis
(y, min) also agreed well with the MRT value obtained by
deconvolution analysis (x, min) (y = 1.036x − 0.759, r =
0.967, SEE = 1.014 min) and that obtained by compart-
ment analysis (x, min) (y = 0.859x + 1.006, r = 0.931, SEE

Fig. 8 Example of spectral analysis applied to 3-compartment model with 4 parameters. The open and
closed circles in Figure 8 (a) show the time-activity curves of FDG in the arterial blood and brain tissue,
respectively. The open circles and solid line in Figure 8 (b) show the measured time-activity curve in
the brain tissue and that estimated from the tissue impulse response function obtained by spectral
analysis, respectively. Figure 8 (c) is spectral analysis of tissue response, while Figure 8 (d) is the
corresponding tissue impulse response function.
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= 1.428 min). The fraction of the measured blood radio-
activity superimposed on the true liver radioactivity (f)
obtained by spectral analysis (y) correlated well with the
f value obtained by compartment analysis (x) (y = 1.168x
− 0.004, r = 0.924, SEE = 0.043). We conclude that the
application of spectral analysis to hepatobiliary dynamic
scintigraphy with PMT appears to be useful in evaluating
the functional status of the liver, since it facilitates the
interpretation of the kinetic parameter of PMT in the liver
and allows us to extract quantitative parameters corre-
sponding to those obtained by compartment analysis or
deconvolution analysis. Fukui et al.9 applied this method
to assessment of liver function in chronic liver diseases
and regional function of irradiated liver, and found that
this method helps clarify changes in regional function of
the irradiated liver.

The second example is the application to the measure-
ment of the hepatic extraction fraction of hepatobiliary
radiopharmaceuticals.10 Measuring the hepatic extraction
fraction (HEF) of a hepatobiliary radiopharmaceutical
helps to differentiate hepatocyte diseases from biliary
tract ones, and it is generally performed using deconvo-
lution analysis. In this study, we measured HEF using
spectral analysis. With spectral analysis, HEF was calcu-
lated from (the sum of the spectral data obtained by
spectral analysis − the highest frequency component of
the spectrum) ÷ (the sum of the spectral data) × 100 (%).
We applied this method to dynamic liver scintigraphic
data obtained from six healthy volunteers and from 46
patients with various liver diseases, using PMT. We also
measured HEF using deconvolution analysis, in which
the modified Fourier transform technique was employed.
The HEF values obtained by spectral analysis correlated
closely with those obtained by deconvolution analysis (r
= 0.925), suggesting that our method is valid. The HEF
values obtained by spectral analysis decreased as the
severity of liver disease progressed. The values were 100
± 0.0%, 94.7 ± 13.6%, 76.2 ± 27.4%, 45.7 ± 15.6%, 82.7
± 24.2% and 95.2 ± 11.8% (mean ± SD) for the normal
controls (n = 6), mild liver cirrhosis (n = 16), moderate
liver cirrhosis (n = 11), severe liver cirrhosis (n = 5), acute
hepatitis (n = 8) and chronic hepatitis groups (n = 6),
respectively. The HEF was obtained more simply and
rapidly by spectral analysis than by deconvolution analy-
sis. The results suggest that our method using spectral
analysis can be used as an alternative to the conventional
procedure using deconvolution analysis for measuring
HEF.

The third example is the application to the quantitative
analysis of 99mTc-diethylenetriamine pentaacetic acid-
galactosyl-human serum albumin (GSA) liver scintigra-
phy.11 In this study, we developed a simplified method for
quantitative analysis of liver scintigraphy with GSA using
spectral analysis. Dynamic liver scintigraphy using GSA
was performed in three normal volunteers and 19 patients
with chronic liver disease. Dynamic data were obtained

with a gamma camera for 30 min after the injection of
approximately 185 MBq GSA. The rate constant for the
liver uptake of GSA from the blood (Ku, min−1), total
excretion rate (Ke, min−1) and non-specific volume of
distribution (Vh) were obtained by spectral analysis. Vh

was defined as the volume in the liver region of interest
(ROI) occupied by GSA which was in equilibrium with
that in the blood. It should be noted that Vh had no units,
since the counts in both the liver and heart ROI were
normalized by scan length to obtain counts pixel−1 min−1.
For comparison, compartment analysis was also per-
formed. A receptor index (LHL15) was calculated by
dividing the radioactivity of the liver ROI by that of the
liver plus heart ROIs 15 min post-injection. The Ku values
obtained by spectral analysis (y) agreed well with those
obtained by compartment analysis (x) (y = 0.953x − 0.013,
r = 0.992, SEE = 0.016 min−1). The Ke and Vh values
obtained by spectral analysis (y) correlated significantly
with those obtained by compartment analysis (x) (y =
1.149x − 0.016, r = 0.826, SEE = 0.017 min−1 for Ke; y =
1.191x + 0.044, r = 0.975, SEE = 0.021 for Vh). The Ku

values obtained by spectral analysis decreased as the
severity of liver disease progressed, and were non-lin-
early related to the LHL15 values, suggesting that Ku is
more sensitive to liver damage than LHL15, especially in
the early stages of liver damage. These results suggest that
spectral analysis applied to dynamic liver scintigraphy
with GSA provides a simple, non-invasive and useful tool
for the quantitative evaluation of liver function. Recently,
Sakamoto et al.12 have applied this method to dynamic
SPECT with GSA, and evaluated liver function before
and after transarterial embolization (TAE) in a three-
dimensional manner.

The fourth example is the application to the renal
uptake rate measurement of 99mTc-dimercaptosuccinic
acid (DMSA) using spectral analysis.13 In this study, we
developed a new method for measuring the rate of renal
uptake of DMSA using spectral analysis. The renal uptake
rate (per minute) of DMSA (K) was calculated by averag-
ing the tissue impulse response function values obtained
by spectral analysis between 10 min and 15 min. The K
values obtained by spectral analysis correlated well with
the renal uptake rates (%) measured 2 h after DMSA
administration (r = 0.921 with background correction; r =
0.924 without background correction). There was a good
agreement between the K values obtained by spectral
analysis using the kidney time-activity curves with (x) and
without (y) background correction (r = 0.993, y = 1.089x
+ 0.004), suggesting that our method requires no back-
ground correction. There was excellent correlation be-
tween the K values obtained by spectral analysis using the
kidney time-activity curves with (y) and without (x)
kidney depth correction (r = 0.992, y = 1.721x + 0.000
with background correction; r = 0.990, y = 1.720x + 0.000
without background correction), suggesting that our
method requires no kidney depth correction. These results
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indicate that spectral analysis is appropriate and useful for
the quantification of the renal uptake rate of DMSA. We
believe that this method will facilitate even more wide-
spread utilization of the quantitative assessment of DMSA
uptake by planar scintigraphy, since it needs only 10–15
min for imaging, and background and kidney depth cor-
rection and blood sampling are not required.

The fifth example is the application to dynamic SPECT
studies with N-isopropyl-p-[123I]iodoamphetamine
(IMP).14 This study was performed to evaluate the use-
fulness of spectral analysis applied to dynamic SPECT
studies with IMP. The unidirectional clearance of IMP
from the blood to the brain tissue (K1) obtained by spectral
analysis (y, ml/g/min) agreed well with that obtained from
a two-compartment model using the nonlinear least-
squares (NLSQ) method (x, ml/g/min) (y = 0.994x +
0.003, r = 0.999, SEE = 0.005 ml/g/min). The rate constant
for back diffusion of IMP from the brain tissue to the
blood (k2) obtained by spectral analysis (y, min−1) also
agreed well with that obtained by the NLSQ method (x,
min−1) (y = 0.985x + 0.000, r = 0.948, SEE = 0.001 min−1).
The brain vascular volume (V0) obtained by spectral
analysis (y, ml/g) correlated well with that obtained by the
NLSQ method (x, ml/g) (y = 1.138x + 0.000, r = 0.867,
SEE = 0.012 ml/g). These results indicate that spectral
analysis is applicable and useful for quantification of the
kinetic parameters of IMP in the human brain, and can be
an alternative approach to compartment analysis.

The final example is the application to the estima-
tion of the brain perfusion index for measurement of
cerebral blood flow (CBF) using technetium-99m com-
pounds.15–19 CBF has been quantified non-invasively
using the brain perfusion index (BPI) determined from ra-
dionuclide angiographic data generated by 99mTc-hexa-
methylpropylene amine oxime (HMPAO) or 99mTc-ethyl
cysteinate dimer (ECD). The BPI is generally calculated
using graphical analysis. In the present study, BPI was
measured using spectral analysis, and its usefulness was
evaluated in comparison with graphical analysis. The BPI
was calculated from the sum of spectral data obtained by
spectral analysis. We applied this method to radionuclide
angiographic data collected from the bilateral brain hemi-
spheres of 20 patients with various brain diseases using
HMPAO and from those of 20 patients using ECD. We
also measured BPI using graphical analysis. The BPI
values obtained by spectral analysis (BPIS) (x) and by
graphical analysis (BPIG) (y) correlated closely (y =
0.708x + 0.038, r = 0.945 for HMPAO and y = 0.559x +
0.093, r = 0.931 for ECD). However, the BPIG values were
underestimated by 22.9 ± 6.6% (mean ± SD) for HMPAO
and by 27.9 ± 7.5% for ECD as compared with the BPIS

values. The extent of underestimation tended to increase
with increasing BPIS values. These findings were consid-
ered to be a result of the BPIG values being affected by the
first-pass extraction fraction of the tracer. We also com-
pared the BPIS and BPIG values with those of CBF

measured using IMP (CBFIMP) in 16 patients (six for
HMPAO and ten for ECD). Although both BPIS and BPIG

values correlated significantly with the CBFIMP values,
the correlation coefficient in BPIS was always better than
that in BPIG (r = 0.869 for HMPAO and r = 0.929 for ECD
in BPIS, r = 0.629 for HMPAO and r = 0.856 for ECD in
BPIG). These results suggest that spectral analysis can
provide a more reliable BPI for quantifying CBF using
HMPAO or ECD than the conventional method using
graphical analysis. Takasawa et al.17 investigated changes
in BPI after the administration of acetazolamide in six
healthy male volunteers. They found that according to the
BPIS values, the increase in BPI after the intravenous
administration of acetazolamide was 40.1 ± 8.4%, as
opposed to an increase of only 11.3 ± 6.5% according to
the BPIG values. These results also suggest that our
method will be useful especially when using a tracer with
a low first-pass extraction fraction and/or when perform-
ing activation studies using pharmacological interven-
tion.

CONCLUSION

In this review, we described the principle and clinical
applications of spectral analysis, based on our experience.
Spectral analysis can be applied to various dynamic data
acquired by planar scintigraphy, SPECT or PET as an
alternative approach to compartment analysis. Spectral
analysis appears to be clinically useful, because it not only
facilitates the interpretation of dynamic scintigraphic,
SPECT or PET data, but also simplifies comparisons
between regions and between subjects.
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